Abstract. Given a smooth family F/Y of geometrically irreducible surfaces, we study sequences of arbitrarily near T -points of F/Y ; they generalize the traditional sequences of infinitely near points of a single smooth surface. We distinguish a special sort of these new sequences, the strict sequences. To each strict sequence, we associate an ordered unweighted Enriques diagram. We prove that the various sequences with a fixed diagram form a functor, and we represent it by a smooth Y -scheme.
Introduction
In the authors' paper [15] , Proposition (3.6) on p. 225 concerns the locus H(D) that sits in the Hilbert scheme of a smooth irreducible complex surface and that parameterizes the complete ideals I with a given minimal Enriques diagram D. The latter is an abstract combinatorial structure associated to a sequence of arbitrarily near points rendering I invertible. The proposition asserts that H(D) is smooth and equidimensional.
The proposition was justified intuitively, then given an ad hoc proof in [15] . The intuitive justification was not developed into a formal proof, as this proof is surprisingly long and complicated. However, the proof yields more: it shows H(D) is irreducible; it works for nonminimal D; and it works for families of surfaces. Further, it works to a great extent when the characteristic is positive or mixed, but then it only shows H(D) has a finite and universally injective covering by a smooth cover; this covering need not be birational, as examples in Appendix B show.
Originally, the authors planned to develop that formal proof in a paper that also dealt with other loose ends, notably, the details of the enumeration of curves with eight nodes. However, there is so much material involved that it makes more sense to divide it up. Thus the formal proof alone is developed in the present paper; the result itself is asserted in Corollary 5.8. Here, in more detail, is a description of this paper's contents.
Fix a smooth family of geometrically irreducible surfaces F/Y and an integer n ≥ 0. Given a Y -scheme T , by a sequence of arbitrarily near T -points of F/Y , we mean an (n + 1)-tuple (t 0 , . . . , t n ) where t 0 is a T -point of F T , then (t 0 , . . . , t n ) is a sequence of infinitely near points in the traditional sense.) The sequences of arbitrarily near T -points form a functor in T , and it is representable by a smooth Y -scheme F (n) , according to Proposition 3.4 below; this result is due, in essence, to Harbourne [11, Prp. I.2, p. 104].
We say that the sequence (t 0 , . . . , t n ) is strict if, for each i, j with 1 ≤ j ≤ i, the image
T of t i is either (a) disjoint from, or (b) contained in, the strict transform of the exceptional divisor E (j)
T . If (b) obtains, then we say that t i is proximate to t j and we write t i ≻ t j .
To each strict sequence, we associate, in Section 3, an unweighted Enriques diagram U and an ordering θ : U ∼ −→ {0, . . . , n}. Effectively, U is just a graph whose vertices are the t i . There is a directed edge from t j to t i provided that j +1 ≤ i and that the map from F (i)
is an isomorphism in a neighborhood of T (i) and embeds
. In addition, U inherits the binary relation of proximity. Finally, θ is defined by θ(t i ) := i. This material is discussed in more detail in Section 2. In particular, to aid in passing from (t 0 , . . . , t n ) to (U, θ), we develop a new combinatorial notion, which we call a proximity structure.
Different strict sequences often give rise to isomorphic pairs (U, θ). If we fix a pair, then the corresponding sequences form a functor, and it is representable by a subscheme F (U, θ) of F (n) , which is Y -smooth with irreducible geometric fibers of a certain dimension. This statement is asserted by Theorem 3.10, which was inspired by Roé's Proposition 2.6 in [25] .
Given another ordering θ ′ , in Section 4 we construct a natural isomorphism
It is easy to describe Φ θ,θ ′ on geometric points. A geometric point of F (U, θ) corresponds to a certain sequence of local rings in the function field of the appropriate geometric fiber of F/Y . Then θ ′ • θ −1 yields a suitable permutation of these local rings, and so a geometric point of F (U, θ ′ ). However, it is harder to work with arbitrary T -points. Most of the work is carried out in the proofs of Lemmas 4.1 and 4.2, and the work is completed in the proof of Proposition 4.3.
We easily derive two corollaries. Corollary 4.4 asserts that Aut(U) acts freely on F (U, θ); namely, γ ∈ Aut(U) acts as Φ θ,θ ′ where θ ′ := θ • γ. Corollary 4.5 asserts that Ψ : F (U, θ) Aut(U) is Y -smooth with irreducible geometric fibers.
A different treatment of F (U, θ) is given by A.-K. Liu in [20] . In Section 3 on pp. 400-401, he constructs F (n) . In Subsection 4.3.1 on pp. 412-414, he discusses his version of an Enriques diagram, which he calls an "admissible graph." In Subsections 4.3.2, 4.4.1, and 4.4.2 on pp. 414-427, he constructs F (U, θ), and proves it is smooth. In Subsection 4.5 on pp. 428-433, he constructs the action of Aut(U) on ed1001.tex: January 31, 2010
F (U, θ). Of course, he uses different notation; also, he doesn't represent functors. But, like the present authors, he was greatly inspired by Vainsencher's approach in [28] to enumerating the singular curves in a linear system on a smooth surface. Our main result is Theorem 5. We construct Ψ via a relative version of the standard construction of the complete ideals on a smooth surface over a field, which grew out of Zariski's work in 1938; the standard theory is reviewed in Subsection 5.1. Now, a T -point of F (U, θ) represents a sequence of blowing-ups F , for each i, we form the preimage of the ith center T (i) . This preimage is a divisor; we multiply it by m θ −1 (i) , and we sum over i. We get an effective divisor. We take its ideal, and push down to F T . The result is an ideal, and it defines the desired T -flat subscheme of F T . The flatness holds and the formation of the subscheme commutes with base change owing to the generalized property of exchange proved in Appendix A. Appendix A is of independent interest.
It is not hard to see that Ψ is injective on geometric points, and that its image is the subset H(D) ⊂ Hilb In [26] and [27] , Russell studies sets somewhat similar to the H(D). They parameterize isomorphism classes of finite subschemes of F supported at one point.
In short, Section 2 treats weighted and unweighted Enriques diagrams and proximity structures. Section 3 treats sequences of arbitrarily near T -points. To certain ones, the strict sequences, we associate an unweighted Enriques diagram U and an ordering θ. Fixing U and θ, we obtain a functor, which we represent by a smooth Y -scheme F (U, θ). Section 4 treats the variance in θ. We produce a free action on F (U, θ) of Aut(U). Section 5 treats the Enriques diagram D obtained by equipping U with suitable weights. We construct a map Ψ from F (U, θ) Aut(D) to Hilb F/Y , whose image is the locus H(D) of complete ideals. We prove H(D) is locally closed. Our main theorem asserts that Ψ is universally injective, and in fact, in characteristic 0, an embedding. Appendix A treats the generalized property of exchange used in constructing Ψ. Finally, Tyomkin's Appendix B treats a few ed1001.tex: January 31, 2010
examples: in some, Ψ is ramified; in others, there's a nonroot, yet Ψ is unramified.
Enriques diagrams
In 1915, Enriques [4, IV.I, pp. 350-51] explained a way to represent the equisingularity type of a plane curve singularity by means of a directed graph: each vertex represents an arbitrarily near point, and each edge connects a vertex representing a point to a vertex representing a point in its first-order neighborhood; furthermore, the graph is equipped with a binary relation representing the "proximity" of arbitrarily near points. These graphs have, for a long time, been called Enriques diagrams, and in 2000, they were given a modern treatment by Casas in [2, Sec. 3.9, pp. 98-102].
Based in part on a preliminary edition of Casas' monograph, a more axiomatic treatment was given by the authors in [16, § 2] , and this treatment is elaborated on here in Subsection 2.1. In this treatment, the vertices are weighted, and the number of vertices is minimized. When the diagram arises from a curve, the vertices correspond to the "essential points" as defined by Greuel et al. [5, Sec. 2.2] , and the weights are the multiplicities of the points on the strict transforms. Casas' treatment is similar: the Proximity Inequality is always an equality, and the leaves, or extremal vertices, are of weight 1; so the rest of the weights are determined.
At times, it is convenient to work with unweighted diagrams. For this reason, Roé [25, §1] , inspired by Casas, defined an "Enriques diagram" to be an unweighted graph, and he imposed five conditions, which are equivalent to our Laws of Proximity and of Succession. Yet another description of unweighted Enriques diagrams is developed below in Subsection 2.3 and Proposition 2.4 under the name of "proximity structure." This description facilitates the formal assignment, in Subsection 2.7, of an Enriques diagram to a plane curve singularity. Similarly, the description facilitates the assignment in Section 3 of the Enriques diagram associated to a strict sequence of arbitrarily near points.
At times, it is convenient to order the elements of the set underlying an Enriques diagram or underlying a proximity structure. This subject is developed in Subsections 2.2 and 2.3 and in Corollary 2.5. It plays a key role in the later sections.
Finally, in Subsection 2.6, we discuss several useful numerical characters. Three were introduced in [15, Sct. 2, p. 214], and are recalled here. Proposition 2.8 describes the change in one of the three when a singularity is blown up; this result is needed in [17] 2.1 (Enriques diagrams). First, recall some general notions. In a directed graph, a vertex V is considered to be one of its own predecessors and one of its own successors. Its other predecessors and successors W are said to be proper. If there are no loops, then W is said to be remote, or distant, if there is a distinct third vertex lying between V and W ; otherwise, then W is said to be immediate.
A tree is a directed graph with no loops; by definition, it has a single initial vertex, or root, and every other vertex has a unique immediate predecessor. A final vertex is called a leaf. A disjoint union of trees is called a forest.
Next, from [16, § 2] , recall the definition of a minimal Enriques diagram. It is a finite forest D with additional structure. Namely, each vertex V is assigned a weight m V , which is an integer at least 1. Also, the forest is equipped with a binary relation; if one vertex V is related to another U , then we say that V is proximate to U , and write V ≻ U . If U is a remote predecessor of V , then we call V a satellite ed1001.tex: January 31, 2010 of U ; if not, then we say V is free. Thus a root is free, and a leaf can be either free or a satellite. Elaborating on [16] , call D an Enriques diagram if D obeys these three laws: (Law of Proximity) A root is proximate to no vertex. If a vertex is not a root, then it is proximate to its immediate predecessor and to at most one other vertex; the latter must be a remote predecessor. If one vertex is proximate to a second, and if a distinct third lies between the two, then it too is proximate to the second.
(Proximity Inequality) For each vertex V ,
(Law of Succession) A vertex may have any number of free immediate successors, but at most two immediate successors may be satellites, and they must be satellites of different vertices. Notice that, by themselves, the Law of Proximity and the Proximity Inequality imply that a vertex V has at most m V immediate successors; so, although this property is included in the statement of the Law of Succession in [16, § 2] , it is omitted here.
Recovering the notion in [15] , call an Enriques diagram D minimal if D obeys the following fourth law:
(Law of Minimality) There are only finitely many vertices, and every leaf of weight 1 is a satellite. In [15] , the Law of Minimality did not include the present finiteness restriction; rather, it was imposed at the outset.
(Unweighted diagrams)
. In [25, §1] , Roé defines an Enriques diagram to be an unweighted finite forest that is equipped with a binary relation, called "proximity," that is required to satisfy five conditions. It is not hard to see that his conditions are equivalent to our Laws of Proximity and Succession. Let us call this combinatorial structure an unweighted Enriques diagram.
Let U be any directed graph on n + 1 vertices. By an ordering of U, let us mean a bijective mapping θ : U ∼ −→ {0, . . . , n} such that, if one vertex V precedes another W , then θ(V ) ≤ θ(W ). Let us call the pair (U, θ) an ordered directed graph.
An ordering θ need not be unique. Furthermore, if one exists, then plainly U has no loops. Conversely, if U has no loops -if it is a forest -then U has at least one ordering. Indeed, then U has a leaf L. Let T be the complement of L in U. Then T inherits the structure of a forest. So, by induction on n, we may assume that T has an ordering. Extend it to U by mapping L to n.
Associated to any ordered unweighted Enriques diagram (U, θ) is its proximity matrix (p ij ), which is the n + 1 by n + 1 lower triangular matrix defined by here is the one used by Roé [25] and Casas [2, p. 139] . Note that (U, θ) is determined up to unique isomorphism by (p ij ).
2.3 (Proximity structure). Let U be a finite set equipped with a binary relation. Call U a proximity structure, its elements vertices, and the relation proximity if the following three laws are obeyed: (P1) No vertex is proximate to itself; no two vertices are each proximate to the other. (P2) Every vertex is proximate to at most two others; if to two, then one of the two is proximate to the other. (P3) Given two vertices, at most one other is proximate to them both. A proximity structure supports a natural structure of directed graph. Indeed, construct an edge proceeding from one vertex V to another W whenever either W is proximate only to V or W is proximate both to V and U but V is proximate to U (rather than U to V ). Of course, this graph may have loops; for example, witness a triangle with each vertex proximate to the one clockwise before it, and witness a pentagon with each vertex proximate to the two clockwise before it.
Let us say that a proximity structure is ordered if its vertices are numbered, say V 0 , . . . , V n , such that, if V i is proximate to V j , then i > j.
Proposition 2.4. The unweighted Enriques diagrams sit in natural bijective correspondence with the proximity structures whose associated graphs have no loops.
Proof. First, take an unweighted Enriques diagram, and let's check that its proximity relation obeys Laws (P1) to (P3).
A vertex is proximate only to a proper successor; so no vertex is proximate to itself. And, if two vertices were proximate to one another, then each would succeed the other; so there would be a loop. Thus (P1) holds.
A root is proximate to no vertex. Every other vertex W is proximate to its immediate predecessor V and to at most one other vertex U , which must be a remote predecessor. Since an immediate predecessor is unique in a forest, V must lie between W and U ; whence, V must be proximate to U . Thus (P2) holds.
Suppose two vertices W and X are each proximate to two others U and V . Say V is the immediate predecessor of W . Then U is a remote predecessor of W ; so U precedes V . Hence V is also the immediate predecessor of X, and W is also a remote predecessor of X. Thus both W and X are immediate successors of V , and both are satellites of W ; so the Law of Succession is violated. Thus (P3) holds.
Conversely, take a proximity structure whose associated graph has no loops. Plainly, a root is proximate to no vertex. Suppose a vertex W is not a root. Then W has an immediate predecessor V . Plainly, W is proximate to V . Plainly, W is proximate to at most one other vertex U , and if so, then V is proximate to U . Since U cannot also be proximate to V by (P1), it follows that V is the only immediate predecessor to W .
Every vertex is, therefore, preceded by a unique root. Plainly the connected component of each root is a tree. Thus the graph is a finite forest.
Returning to U , V , and W , we must show that U precedes W . Now, V is proximate to U . So V is not a root. Hence V has an immediate predecessor Proof. Given an unweighted Enriques diagram, its proximity relation obeys Laws (P1) to (P3) by the proof of Proposition 2.4. And, if one vertex V is proximate to another W , then W precedes V . So θ(W ) < θ(V ) for any ordering θ. Hence, if V is numbered θ(V ) for every V , then the proximity structure is ordered.
Conversely, take an ordered proximity structure. The associated directed graph is, plainly, ordered too, and so has no loops. And, the Laws of Proximity and Succession hold by the proof of Proposition 2.4. Thus the corollary holds.
(Numerical characters)
. In [15, Sct. 2, p. 214], a number of numerical characters were introduced, and three of them are useful in the present work.
The first character makes sense for any unweighted Enriques diagram U, although it was not defined in this generality before; namely, the dimension dim(U) is the number of roots plus the number of free vertices in U, including roots. Of course, the definition makes sense for a weighted Enriques diagram D; namely, the dimension dim(D) is simply the dimension of the underlying unweighted diagram.
The second and third characters make sense only for a weighted Enriques diagram D; namely, the degree and codimension are defined by the formulas
It is useful to introduce a new character, the type of a vertex V of U or of V. It is defined by the formula
The type appears in the following two formulas: First, form the configuration of all arbitrarily near points of the surface lying on all the branches of the curve through all its singular points. Say that one arbitrarily near point is proximate to a second if the first lies above the second and on the strict transform of the exceptional divisor of the blowup centered at the second. Then Laws (P1) to (P3) hold because three strict transforms never meet and, if two meet, then they meet once and transversely. Plainly, there are no loops. Hence, by Proposition 2.4, this configuration is an unweighted Enriques diagram.
Second, weight each arbitrarily near point with its multiplicity as a point on the strict transform of the curve. By the theorem of strong embedded resolution, all but finitely many arbitrarily near points are of multiplicity 1, and are proximate only to their immediate predecessors; prune off all the infinite unbroken successions of such points, leaving finitely many points. Then the Law of Minimality holds.
Finally, the Proximity Inequality holds for this well-known reason: the multiplicity of a point P ′ on a strict transform C ′ can be computed as an intersection number m on the blowup at P ′ of the surface containing C ′ ; namely, m is the intersection number of the exceptional divisor and the strict transform of C ′ ; the desired inequality results now from Noether's formula for m in terms of multiplicities of arbitrarily near points. (In [2, p. 83], the inequality is an equality, because no pruning is done.) Therefore, this weighted configuration is a minimal Enriques diagram. It is D.
Notice that, if K is any algebraically closed extension field of the ground field, then the curve C K also has diagram D. Proposition 2.8. Let C be a reduced curve lying on a smooth surface over an algebraically closed field. Let D be the minimal Enriques diagram of C, and P ∈ C a singular point of multiplicity m. Form the blowup of the surface at P , the exceptional divisor E, the proper transform C ′ of C, and the union
2 − 2; equality holds in the first relation if and only if P is an ordinary m-fold point.
Proof. We obtain D ′ from D by deleting the root R corresponding to P and also all the vertices T that are of weight 1, proximate to R, and such that all successors of T are also (of weight 1 and) proximate to R (and so deleted too). Note that an immediate successor of R is free; if it is deleted, then it has weight 1, and if it is not deleted, then it becomes a root of D ′ . Also, by the Law of Proximity, an undeleted satellite of R becomes a free vertex of D ′ . Let σ be the total number of satellites of R, and ρ the number of undeleted immediate successors. Then it follows from the Formula (2.6.2) that
Thus the asserted inequality holds, and it is an equality if and only if σ = 0 and ρ = 0. So it is an equality if P is an ordinary m-fold point. Conversely, suppose σ = 0 and ρ = 0. Then R has no immediate successor V of weight 1 for the following reason. Otherwise, any immediate successor W of V is proximate to V by the Law of Proximity. So W has weight 1 by the Proximity ed1001.tex: January 31, 2010
Inequality. Hence, by recursion, we conclude that V is succeeded by a leaf L of weight 1. So, by the Law of Minimality, L is a satellite. But σ = 0. Hence V does not exist. But ρ = 0. Hence R has no successors whatsoever. So P is an ordinary m-fold point. Furthermore, we obtain D ′′ from D by deleting R and by adding 1 to the weight of each T proximate to R. So a satellite of R becomes a free vertex of D ′′ , and an immediate successor of R becomes a root of D ′′ . In addition, for each smooth branch of C that is transverse at P to all the other branches, we adjoin an isolated vertex (root) of weight 2.
The number of adjoined vertices is m − T ≻R m T . So, by Formula (2.6.2),
The right hand side reduces to m 2 − 2. So the asserted equality holds.
Infinitely near points
Fix a smooth family of geometrically irreducible surfaces π : F → Y . In this section, we study sequences of arbitrarily near T -points of F/Y . They are defined in Definition 3.3. Then Proposition 3.4 asserts that they form a representable functor. In essence, this result is due to Harbourne [11, Prp. I.2, p. 104], who identified the functor of points of the iterated blow-up that was introduced in [14, Sct. 4.1, p. 36] and is recalled in Definition 3.1.
In the second half of this section, we study a special kind of sequence of arbitrarily near T -points, the strict sequence, which is defined in Definition 3.5. To each strict sequence is associated a natural ordered unweighted Enriques diagram owing to Propositions 3.8 and 2.4. Finally, Theorem 3.10 asserts that the strict sequences with given diagram (U, θ) form a functor, which is representable by a Y -smooth scheme with irreducible geometric fibers of dimension dim(U). This theorem was inspired by Roé's Proposition 2.6 in [25] . Definition 3.1. By induction on i ≥ 0, let us define more families
, and blow up along the diagonal ∆ (i) . Take the composition of the blowup map and the second projection to be
be the composition of the blowup map and the first projection, and let E (i) be the exceptional divisor. Finally, set
Lemma 3.2. Both π (i) and ϕ (i) are smooth, and have geometrically irreducible fibers of dimension 2. Moreover, E (i) is equal, as a polarized scheme, to the bundle
is the sheaf of relative differentials. Proof. The first assertion holds for i = 0 by hypothesis. Suppose it holds for i. Consider the fibered product formed in Definition 3.1. Then both projections are smooth, and have geometrically irreducible fibers of dimension 2; also, the diagonal ∆ (i) is smooth over both factors. It follows that the first assertion holds for i + 1. The second assertion holds because Ω 1
is the conormal sheaf of ∆ (i) . ed1001.tex: January 31, 2010 Definition 3.3. Let T be a Y -scheme. Given a sequence of blowups
T is the image of a section t i of F
T . The following result is a version of Harbourne's Proposition I.2 in [11, p. 104].
Proposition 3.4 (Harbourne). As T varies, the sequences (t 0 , . . . , t n ) of arbitrarily near T -points of F/Y form a functor, which is represented by
Proof. First, observe that, given a section of any smooth map a : A → B, blowing up A along the section's image, C say, commutes with changing the base B. Indeed, let I be the ideal of C, and for each m ≥ 0, consider the exact sequence
Since a is smooth, I m I m+1 is a locally free O C -module, so B-flat. Hence forming the sequence commutes with changing B. However, the blowup of A is just Proj m I m . Hence forming it commutes too. Second, observe in addition that C is the scheme-theoretic image of the exceptional divisor, E say, of this blowup. Indeed, this image is the closed subscheme of C whose ideal is the kernel of the comorphism of the map E → C. However, this comorphism is an isomorphism, because E = P(I/I
2 ) since a is smooth. The first observation implies that the sequences (t 0 , . . . , t n ) form a functor, because, given any Y -map T ′ → T , each induced map
is therefore the blowing-up along the image of the induced section of
To prove this functor is representable by F (n) /Y , we must set up a functorial bijection between the sequences (t 0 , . . . , t n ) and the Y -maps τ n :
, and correspondingly we want the remaining assertions of the proposition to hold as well.
So given (t 0 , . . . , t n ), let us construct appropriate Y -maps
We proceed by induction on i. Necessarily, τ −1 : T → Y is the structure map, and correspondingly,
T owing to the definitions.
Suppose we've constructed τ i−1 . Then
Therefore, owing to the first observation, F
T is induced by ϕ (i+1) , and that
By the second observation above,
T /T . Furthermore, blowing up its image yields the map
T induced by ϕ (i+1) , because, as noted above, forming the blowup along ∆ (i) commutes with changing the base via 1 × τ i . Thus (t 0 , . . . , t n ) is a sequence of arbitrarily near T -points of F/Y .
Plainly, for each T , we have set up the bijection we sought, and it is functorial in T . Since we have checked all the remaining assertions of the proposition, the proof is now complete.
Definition 3.5. Given a sequence (t 0 , . . . , t n ) of arbitrarily near T -points of F/Y , let us call it strict if, for 0 ≤ i ≤ n, the image T (i) of t i satisfies the following i conditions, defined by induction on i. There are, of course, no conditions on T (0) . Fix i, and suppose, for 0 ≤ j < i, the conditions on T (j) are defined and satisfied. The i conditions on T (i) involve the natural embeddings 
can be regarded as the "strict transform" of E
Define e (i+1, i+1) T to be the inclusion. Now, for 1 ≤ j ≤ i, we have assumed that e (j,i) T is defined, and required that its image satisfy either (a) or (b). If (a) is satisfied, then the blowing-up
T , namely, the complement of T (i) ; so then e (j, i) T lifts naturally to an embedding e
T and T (i) are flat over T , and the latter's fibers are effective divisors on the former's fibers, which are P 1 s; hence, then blowing up e (j,i)
Definition 3.6. Given a strict sequence (t 0 , . . . , t n ) of arbitrarily near T -points of F/Y , say that t i is proximate to t j if j < i and e (j+1, i) E
Lemma 3.7. Let (t 0 , . . . , t n ) be a strict sequence of arbitrarily near T -points of
, and
and t j−1 is proximate to t k−1 ; moreover, then Z 
T /T , because they're flat and divisors on the fibers. Hence, on either of e
T is a relative effective divisor, since each fiber of Z (l)
T is correspondingly a divisor. In fact, each nonempty fiber of Z (l)
T is a reduced point on a P 1 .
Since ϕ
T , which is the exceptional divisor of the blowing-up ϕ (j) :
. Since the fibers of e are isomorphisms, e is a closed embedding. So since Z
(i)
T and T (j−1) are T -flat, e is an isomorphism onto an open and closed subscheme.
T contains all of T (j−1) as a subscheme. Thus t j−1 is proximate to t k−1 .
It follows that ϕ
. If i = j, then this surjection is just e, and so e is an isomorphism, as desired.
T contains T (j) as a closed subscheme. Both these schemes are T -flat, and their fibers are reduced points; hence, they coincide. It follows that e
T for l = j, k, and let's find a contradiction. If l < j, then interchange l and j. Then, by the above,
T . Therefore, T (j−1) is equal to their intersection, because T (j−1) is flat and its fibers are equal to those of the intersection. It follows that e
T are disjoint on F (j) . But both these subschemes contain the image of Z
T , which is nonempty. We have a contradiction, as desired. The proof is now complete. Proposition 3.8. Let (t 0 , . . . , t n ) be a strict sequence of arbitrarily near T -points of F/Y . Equip the abstract ordered set of t i with the relation of proximity of Definition 3.6. Then this set becomes an ordered proximity structure.
Proof. Law (P1) holds trivially. As to (P2), suppose t i is proximate to t j and to t k with j > k. Then T
. So Lemma 3.7 implies t j is proximate to t k . Furthermore, the lemma implies the intersection meets no e
So t i is proximate to no third vertex t l . Thus (P2) holds.
As to (P3), suppose t i and t j are each proximate to both t k and t l where ed1001.tex: January 31, 2010
is T -flat with reduced points as fibers by Lemma 3.7. But
. Now, this map is proper, and both T (i) and T (j) are T -flat with reduced points as fibers; hence,
, contrary to Lemma 3.7. Thus (P3) holds.
Definition 3.9. Let's say that a strict sequence of arbitrarily near T -points of
is isomorphic to the ordered unweighted Enriques diagram coming from Propositions 3.8 and 2.4.
The following result was inspired by Roé's Proposition 2.6 in [25] .
Theorem 3.10. Fix an ordered unweighted Enriques diagram (U, θ) on n + 1 vertices. Then the strict sequences of arbitrarily near T -points of F/Y with diagram (U, θ) form a functor; it is representable by a subscheme F (U, θ) of F (n) , which is Y -smooth with irreducible geometric fibers of dimension dim(U).
Proof. If a strict sequence of arbitrarily near T -points has diagram (U, θ), then, for any map T ′ → T , the induced sequence of arbitrarily near T ′ -points plainly also has diagram (U, θ). So the sequences with diagram (U, θ) form a subfunctor of the functor of all sequences, which is representable by F (n) /Y by Proposition 3.4. Suppose n = 0. Then U has just one vertex. So the two functors coincide, and both are representable by F , which is Y -smooth with irreducible geometric fibers of dimension 2. However, 2 = dim(U). Thus the theorem holds when n = 0.
Suppose
Then T inherits the structure of an unweighted Enriques diagram, and it is ordered by the restriction θ|T. By induction on n, assume the theorem holds for (T, θ|T).
. Then H represents the functor of sequences (t 0 , . . . , t n ) of arbitrarily near T -points such that (t 0 , . . . , t n−1 ) has diagram (T, θ|T) since π (i) τ i = τ i−1 by Proposition 3.4. Moreover, H is Gsmooth with irreducible geometric fibers of dimension 2 by Lemma 3.2. And G is Ysmooth with irreducible geometric fibers of dimension dim(T) as the theorem holds for (T, θ|T). Thus H is Y -smooth with irreducible geometric fibers of dimension dim(T) + 2.
Let (h 0 , . . . , h n ) be the universal sequence of arbitrarily near H-points, and
H the image of h i . We must prove that H has a largest subscheme S over which (h 0 , . . . , h n ) restricts to a sequence with diagram (U, θ); we must also prove that S is Y -smooth with irreducible geometric fibers of dimension dim(U).
But, (h 0 , . . . , h n−1 ) has diagram (T, θ|T). So H (i) satisfies the i conditions of Definition 3.5 for i = 0, . . . , n − 1. Hence S is defined simply by the n conditions on H (n) : the jth requires e
H either (a) to be disjoint from H (n) or (b) to contain it as a subscheme; (b) applies if L is proximate to θ −1 (j − 1), and (a) if not, according to Definition 3.6. Let P be the set of j for which (b) applies. Set
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Plainly, S is the desired largest subscheme of H. It remains to analyze the geometry of S. First of all, F (n)
H and h n = (ζ n , 1) where ζ n : H ֒→ F , again by Proposition 3.4. Hence
There are three cases to analyze, depending on type(L). In any case,
owing to Formula 2.6.1. Furthermore, each e
has the form P(Ω) for some locally free sheaf Ω of rank 2 on G by Lemma 3.2 and Proposition 3.4. Hence e
G is Y -smooth with irreducible geometric fibers of dimension dim(T) + 1.
Suppose type(L) = 2. Then L is a root. So P is empty, and by convention, the intersection j∈P e Finally, suppose type(L) = 0. Then L is a satellite. So L is proximate to two vertices: an immediate predecessor, M say, and a remote predecessor, R say. Set m := θ(M ) and r := θ(R). Then P = {r, m}.
with j / ∈ P owing to Lemma 3.7, because (h 0 , . . . , h n−1 ) is strict with diagram (T, θ|T). Hence S = Z. Therefore, S is Y -smooth with irreducible geometric fibers of dimension dim(G/Y ), and
Thus the theorem holds in this case too, and the proof is complete.
Isomorphism and enlargement
Fix a smooth family of geometrically irreducible surfaces π : F → Y . In this section, we study the scheme F (U, θ) introduced in Theorem 3.10. First, we work out the effect of replacing the ordering θ by another one θ ′ . Then we develop, in our context, much of Roé's Subsections 2.1-2.3 in [25] ; specifically, we study a certain closed subset E(U, θ) ⊂ F (n) containing F (U, θ) set-theoretically. Notably, we ed1001.tex: January 31, 2010
. Proposition 4.3 below asserts that there is a natural isomorphism Φ θ,θ ′ from F (U, θ) to F (U, θ ′ ). On geometric points, Φ θ,θ ′ is given as follows. A geometric point with field K represents a sequence of arbitrarily near K-points (t 0 , . . . , t n ) of F/Y . To give t i is the same as giving the local ring A i of the surface F (i)
Then αi > αj if t i is proximate to t j . So there is a unique sequence (t 0 , . . . ,t n ) whose local rings A j satisfy A i = A αi in the function field of F K . The sequences (t 0 , . . . , t n ) and (t 0 , . . . ,t n ) correspond under Φ θ,θ ′ .
To construct Φ θ,θ ′ , we must work with a sequence (t 0 , . . . , t n ) of T -points for an arbitrary T . To do so, instead of the A i , we use the transforms e
The notation becomes more involved, and it is harder to construct (t 0 , . . . ,t n ). We proceed by induction on n: we omit t n , apply induction, and "reinsert" t n ast αn . Most of the work is done in Lemma 4.2; the reinsertion is justified by Lemma 4.1. T be the image of a section t l of F (l) T /T . Set t i :=t i for 0 ≤ i < l, and assume the sequence (t 0 , . . . , t l ) is strict. Set T l := T (l) and
T T (i) for l < i < n, and assume T (l) and the T i are disjoint. Then (t 0 , . . . , t l ) extends uniquely to a strict sequence (t 0 , . . . , t n ), say with blowups
and so on, such that t l is a leaf and
T for l < i ≤ n. Furthermore, the diagram of (t 0 , . . . , t n ) induces that of (t 0 , . . . ,t n−1 ).
T with center T (l) , and
T /T . Moreover, since (t 0 , . . . , t l ) and (t 0 , . . . ,t n−1 ) are strict sequences, it follows that (t 0 , . . . , t n ) is a strict sequence too. Furthermore, t l is a leaf, and the diagram of (t 0 , . . . , t n ) induces that of (t 0 , . . . ,t n−1 ). Plainly, (t 0 , . . . , t n ) is unique.
Lemma 4.2. Let α be a permutation of {0, . . . , n}. Let (t 0 , . . . , t n ) be a strict sequence of arbitrarily near T -points of F/Y . Assume that, if t i is proximate to t j , then αi > αj. Then there is a unique strict sequence (t 0 , . . . ,t n ), say with blowups
T , and so on, such that F
with α ′ i := α(i−1)+1 for 1 ≤ i ≤ n+1; furthermore, t i is proximate to t j if and only ift αi is proximate tot αj .
Proof. Assume (t 0 , . . . ,t n ) exists. Let's prove, by induction on j, that both the sequence (t 0 , . . . ,t j ) and the map F 
where 1 ≤ i ≤ n + 1. If j = −1, there's nothing to prove. So suppose j ≥ 0. Then T (j+1) is determined as the scheme-theoretic image ofẽ
is determined as the blowup ed1001.tex: January 31, 2010
is a divisor. Thus (t 0 , . . . ,t n ) is unique. To prove (t 0 , . . . ,t n ) exists, let's proceed by induction on n. Assume n = 0. Then α = 1. So plainlyt 0 exists; just taket 0 := t 0 .
So assume n ≥ 1. Set l := αn. Define a permutation β of {0, . . . , n − 1} by βi := αi if αi < l and βi := αi − 1 if αi > l.
Suppose t i is proximate to t j with i < n, and let us check that βi > βj. The hypothesis yields αi > αj. So if either αi < l or αj > l, then βi > βj. Now, αi = l since i < n and l := αn. Similarly, αj = l since j < i as t i is proximate to t j . But if αi > l, then βi := αi − 1 ≥ l, and if αj < l, then βj := αj < l. Thus βi > βj.
Since (t 0 , . . . , t n−1 ) is strict, induction applies: there exists a strict sequence (t 0 , . . . ,t n−1 ), say with blowups F (i) T and so forth, such that F
with β ′ i := β(i − 1) + 1 for 1 ≤ i ≤ n; furthermore, t i is proximate to t j if and only ift βi is proximate tot βj . Sett i :=t i for 0 ≤ i < l.
T /T , and
T for i := β ′−1 j and because (t 0 , . . . , t n ) is strict. Furthermore, if so, then l > j, because t n is proximate to t i , and so αn > αi, or l > βi = j; moreover, then
T , because the latter is equal to ϕ
T . So T (n) meets one of the latter's components, which is aê
T , as was noted above. Now, the mapê
T , and its image isê
T , as was noted above. Soê
T ; whence, the two coincide, since they are flat and coincide on the fibers over T . Thus T (l) is contained inê
T . Hence, since (t 0 , . . . ,t l−1 ) is strict, so is (t 0 , . . . ,t l ). Furthermore, T (n) is contained inê
T . Thus ift l is proximate tot k , then t n is proximate to t i for i := β ′−1 k. Moreover, the converse follows from what was noted above.
Set T l := T (l) and
would meet someê
T with l < j, contrary to the note above. So Lemma 4.1 implies (t 0 , . . . ,t l ) extends to a strict sequence (t 0 , . . . ,t n ) such thatt l is a leaf and
for l < i ≤ n; furthermore, the diagram of (t 0 , . . . ,t n ) induces that of (t 0 , . . . ,t n−1 ). Therefore, t i is proximate to t j if and only ift αi is proximate tot αj for 0 ≤ i ≤ n, because t i is proximate to t j if and only if t βi is proximate to t βj for 0 ≤ i < n and because t n is proximate to t j if and only ift l is proximate tot k for k := β ′ j.
Recall from above that F
. But this product is equal to the blowup of F
T is equal to the image of a natural embedding ofê
. In turn, this image is ed1001.tex: January 31, 2010
Proposition 4.3. Fix an unweighted Enriques diagram U. Then, given two orderings θ and θ ′ , there exists a natural isomorphism
Furthermore, Φ θ,θ = 1, and Φ θ ′ ,θ ′′ • Φ θ,θ ′ = Φ θ,θ ′′ for any third ordering θ ′′ .
Proof. Say U has n + 1 vertices. Set α := θ ′ • θ −1 . Then α is a permutation of {0, . . . , n}.
Each T -point of F (U, θ) corresponds to a strict sequence (t 0 , . . . , t n ) owing to Theorem 3.10. For each i, say t i corresponds to the vertex V i of U. Then θ(V i ) = i, and if t i is proximate to t j , then V i is proximate to
is an ordering. Hence αi > αj. Therefore, by Lemma 4.2, there is a unique strict sequence (t 0 , . . . ,t n ) such that t i is proximate to t j if and only ift αi is proximate tot αj . Plainly (t 0 , . . . ,t n ) has (U, θ ′ ) as its diagram. Hence (t 0 , . . . ,t n ) corresponds to a T -point of F (U, θ ′ ) owing to Theorem 3.10.
Due to uniqueness, sending (t 0 , . . . , t n ) to (t 0 , . . . ,t n ) gives a well-defined map of functors. It is represented by a map Φ θ,θ ′ :
Thus Φ θ,θ ′ is an isomorphism, and the proposition is proved. Proof. Let V ∈ U be a vertex that precedes another W . Then γ(V ) precedes γ(W ) because γ ∈ Aut(U). Since θ is an ordering, θ(γ(V )) ≤ θ(γ(W )). Hence
by Proposition 4.3. Now, γ induces an isomorphism of ordered unweighted Enriques diagrams from (U, θ ′ ) to (U, θ); hence, F (U, θ ′ ) and F (U, θ) are the same subscheme of F (n) , and Φ θ,θ ′ is an automorphism of F (U, θ). Note that, if γ = 1, then θ ′ = θ; moreover, Φ θ,θ = 1. Given δ ∈ Aut(U), set θ ′′ := θ ′ • δ and θ * := θ • δ. Then γ also induces an isomorphism from (U, θ ′′ ) to (U, θ * ), and so Φ θ ′ ,θ ′′ and Φ θ,θ * coincide. Now, Φ θ ′ ,θ ′′ • Φ θ,θ ′ = Φ θ,θ ′′ . Thus Aut(U) acts on F (U, θ), but it acts on the right because θ ′′ is equal to θ • (γδ), not to θ • (δγ). Suppose γ has a fixed T -point. Then the T -point is fixed under Φ θ,θ ′ . Now, we defined Φ θ,θ ′ by applying Lemma 4.2 with α := θ ′ • θ −1 . And the lemma asserts that α is determined by its action on the e
T . But this action is trivial because the T -point is fixed. Hence α = 1. But α = θ • γ • θ −1 . Therefore, γ = 1. Thus the action of Aut(U) is free, and the corollary is proved. (U, θ) , and let G ⊂ Aut(U) be a subgroup. Then the quotient F (U, θ) G is Y -smooth with irreducible geometric fibers of dimension dim(U).
Corollary 4.5. Fix an ordered unweighted Enriques diagram
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Proof. The action of G on F (U, θ) is free by Corollary 4.4. So G defines a finite flat equivalence relation on F (U, θ). Therefore, the quotient exists, and the map F (U, θ) → F (U, θ) G is faithfully flat. Now, F (U, θ) is Y -smooth with irreducible geometric fibers of dimension dim(U) by Theorem 3.10; so F (U, θ) G is too.
and
Given an ordered unweighted Enriques diagram (U, θ) on n + 1 vertices, say with proximity matrix (p ij ), let E(U, θ) ⊂ F (n) be the set of scheme points t such that, on the fiber
Proposition 4.7. Let (U, θ) be an ordered unweighted Enriques diagram. Then E(U, θ) is closed and contains F (U, θ) set-theoretically.
Proof. Say U has n + 1 vertices. Fix t ∈ F (n) and 1
then, as is easy to see by induction on j for k ≤ j ≤ n, the divisor
is equal to the strict transform on F
t ) ≤ 1 for any t, and equality holds if and only if t ∈ F (U, θ), as the following essentially standard argument shows. Plainly, it suffices to show that, if E because they form a basis of the group of divisors whose components each map to a point. Furthermore, the combining coefficients must be the p ik because these coefficients are given by the intersection numbers with the E
Proposition 4.8. Let (U, θ) and (U ′ , θ ′ ) be two ordered unweighted Enriques diagrams on n + 1 vertices, and let P and P ′ be their proximity matrices. Then the following conditions are equivalent:
(1) The sets
is contained in the set E(U, θ). (3) The matrix P ′−1 P only has nonnegative entries.
Proof. Fix t ∈ F (n) , and define two sequences of divisors on F (n+1) t by these matrix equations:
These two equations imply the following one:
′ where say (q kj ) := P ′−1 P.
t , as we noted at the beginning of the proof of Proposition 4.7. So the E (k) t ′ form a basis of the group of divisors whose components each map to a point in F t . Hence, by (4.8.1), if E (j) t is effective, then q kj ≥ 0 for all k. Thus (1) implies (3).
is effective for all j by (4.8.1). So t ∈ E(U, θ). Thus (3) implies (2). By Proposition 4.7, E(U, θ) contains F (U, θ). By Theorem 3.10, F (U, θ) is nonempty. Thus (2) implies (1). So (1), (2), and (3) are equivalent.
Furthermore, suppose E(U ′ , θ ′ ) = E(U, θ). Then both P ′−1 P and P −1 P ′ have nonnegative entries since (2) implies (3). But each matrix is the inverse of the other, and both are lower triangular. Hence both are the identity. So P ′ = P; whence,
The converse is obvious. Thus the proposition is proved.
The Hilbert scheme
Fix a smooth family of geometrically irreducible surfaces π : F → Y . In this section, we prove our main result, Theorem 5. We close this section with Proposition 5.9, which addresses the important special case where every vertex of D is a root; here, Ψ is an embedding in any characteristic. Further, other examples in Appendix B show that Ψ can remain an embedding even after a nonroot is added.
(Geometrically complete ideals)
. Let K be a field, (t 0 , . . . , t n ) a sequence of arbitrarily near K-points of F/Y . Since Spec(K) consists of a single reduced point, the sequence is strict. Let (U, θ) be its diagram in the sense of Definition 3.9.
Suppose U underlies an Enriques diagram D, say with weights m V for V ∈ U. Using the divisors E
of Definition 4.6, set
Given V ∈ U, set j := θ(V ) and D V := e 
, and form I := ϕ K * L K on F K . Then I is a complete ed1001.tex: January 31, 2010 ideal, one that is integrally closed; also, are numerically independent; their intersection numbers with divisors are defined because they are complete. The m V may be found as follows. Let P be the ideal of the image T (0) of t 0 , which is a K-point of F K . Let m be the largest integer such that P m ⊃ I.
). Note in passing that P is a minimal prime of I since m V ≥ 1.
The remaining m W can be found by recursion. Indeed, on F
K , form the ideal
. Hence I ′ is the complete ideal associated to the sequence (t 1 , . . . , t n ) of arbitrarily near K-points of F K at the K-point that is the image of t i . Then according to Lipman's preliminary discussion in [19, p. 294-295] , the set {A i } consists precisely of 2-dimensional regular local K-domains whose fraction field is that of F K and whose maximal ideal contains the stalk of I at some point of F K . Furthermore, t i is proximate to t j if and only if A i is contained in the ring of the valuation v j defined by the formula: The extended ideal I L on F L is, plainly, the complete ideal associated to the extension of the sequence (t 0 , . . . , t n ) and to the same ordered Enriques diagram (D, θ). Hence I is geometrically complete.
Suppose that K is algebraically closed. Suppose that J is complete and that dim K H 0 (O FK /J ) is finite and nonzero. Then J arises from some sequence (s 0 , . . . , s n ) and some ordered Enriques diagram. Indeed, choose a minimal prime is unchanged. It follows that, to construct t, we may replace θ by θ ′ . Thus we may assume that E(D, θ) is a minimal element among the various closed subsets E(D, θ ′ ) of F (n) . Let R ∈ D be a root, and temporarily set i := θ(R). Sayt corresponds to the sequence of blowups
with centers η j . The image of η i in F T is a k(η)-point; denote its closure by T R . Since A is a discrete valuation ring, the structure map is an isomorphism T R ∼ −→ T . Let Z ⊂ F T be the subscheme with ideal I. Its fibers Z η and Z y are finite, and both have degree deg(D) since the two ideals are geometrically complete with diagram D by hypothesis. Since T is reduced, Z is T -flat.
As R varies, the points (T R ) η are exactly the components of Z η again because its ideal I η is geometrically complete with diagram D. Hence the several T R are just the components of Z that meet Z η . But every component of Z meets Z η since Z is T -flat. Thus the T R are the the components of Z.
Since T R ∼ −→ T for each R, the fiber (T R ) y is a single point, so a component of the discrete set Z y . The number of T R is the number of roots of D, which is also the number of points of Z y . Hence the several T R are disjoint.
Given R, let m R be its weight,
Let u ∈ A be a uniformizing parameter. Then M is annihilated by a power of u. Now, P R is quasi-regular by [9, (17. 
. Hence, by induction on n, we may assume thatt
on the corresponding scheme F ′(n ′ +1) T , the ideal I ′ generates an invertible ideal. It remains to show that t ′ and the several isomorphisms
Proceed by induction on i where 0 ≤ i ≤ n. Suppose we have constructed a sequence (t 0 , . . . , t i−1 ) extending the sequence (t 0 , . . . ,t i−1 ) coming fromt; suppose also that, if we blow up F
(i)
T along the preimage of k≥i T k , then we get F
where, for 0 ≤ j ≤ n, we let j ′ denote j diminished by the number of roots R of D such that θ(R) < j. Note that the base case i := 0 obtains: the sequence (t 0 , . . . , t i−1 ) is empty; furthermore,
T → F T is an isomorphism off k<i T k . Indeed, given j < i, let R ′ ∈ D be the root preceding θ −1 (j), and set k := θ(R ′ ). Since θ is an ordering,
T i is defined, and the isomorphism
T owing to the preceding note. By the same token, the blowup of F T along the preimage of k≥i T k . But the latter blowup is equal to F
T off the preimage of k≥i T k . Take
It is not hard to see that t i does the trick. It is not immediately obvious that (t 0 , . . . , t n ) is strict, even though (t ′ 0 , . . . , t ′ n ′ ) is strict. However, t is a T -point of F (n) (T ) and t η is a k(η)-point of F (D, θ); furthermore, t y is a k(y)-point of F (D, φ) for some ordering φ of D. Since T is irreducible, t y is a point of the closure of F (D, θ) in F (n) , so is a point of E(D, θ). Hence E(D, θ) contains E(D, φ) by Proposition 4.8. But, by the initial reduction, E(U, θ) is minimal, so equal to E(D, φ). Hence (D, θ) ∼ = (D, φ) again by Proposition 4.8. So t y is a point of F (D, θ). Since T is reduced, t is therefore a T -point of F (D, θ), as desired. Proof. Say D has n + 1 vertices V with weights m V . On F (n+1) , set
Consider the standard short exact sequence:
It remains exact on the fibers of π (n+1) : 
is an exact sequence of T -flat sheaves, and forming it commutes with extending T . Plainly, a map is universally injective if it is injective on geometric points. Furthermore, since Π is surjective, Proposition 5.4 also implies that Ψ too factors into a finite map followed by an open embedding. Now, a finite map is a closed embedding if its comorphism is surjective. Hence, to prove that Ψ is an embedding, it suffices to prove that its fibers over Y are embeddings. Now, forming Ψ commutes with extending Y . Therefore, we may assume Y is the spectrum of an algebraically closed field K.
To prove Ψ is universally injective, plainly we need only prove Ψ is injective on K-points. [15, Prp. (3.6) , p. 225]; hence, β is an isomorphism. In any case, it follows from Proposition 3.3.14 on p. 70 of [10] that β is unramified; hence, β is an isomorphism. The proof is now complete. Assume v ∈ G(r 1 , . . . , r k ). Then V is the union of k sets of reduced K-points of F . The ith set has r i points; let I i be the ideal of its union. Further, Ψ carries V and V ǫ to the subschemes W and W ǫ defined by I 
Say v = (v 1 , . . . , v k ) with v i ∈ G(r i ), and say v i represents V i ⊂ F . Then
Given any ζ ∈ T G(r1,...,r k ),v , its image ψ(ζ) is equal to the restriction of the canonical map O FT → O Wǫ . So ψ splits into a direct sum of local components
It remains to prove that each ψ x is injective. Fix an x. Set I := I i and m := m i . Fix generators µ, ν ∈ I x . Set a := ζ x µ ∈ K and b := ζ x ν ∈ K. Then I ǫ,x is generated by µ − aǫ and ν − bǫ; so I Consider the following map of exact sequences:
is A-flat, the local criterion of flatness implies that L is A-flat at q. Hence, by the openness of flatness, there is a g ∈ B outside the prime corresponding to q such that the localization L g is A-flat. We can replace B by B g , and so assume L is A-flat.
Let C be any A-algebra. Then the following sequence is exact:
It follows that, in the map of exact sequences
C is bijective. Thus the first assertion holds:
is exact. The converse holds too by the local criterion for flatness, because Z i (K • ) is A-flat owing to the exactness of (A.1.2) with C := A and to the flatness of L.
Since z is surjective, owing to the map of exact sequences Lemma A.2. Let T be a scheme, f : P → Q a proper map of T -schemes of finite type, and 0 → F → G → H → 0 (A.2.1) a short exact sequence of T -flat coherent sheaves on P . For each point t ∈ T , let f t and F t and G t denote the restrictions to the fiber P t , and assume that
Then the induced sequence on Q,
is a short exact sequence of T -flat coherent sheaves, and forming it commutes with ed1001.tex: January 31, 2010 base extension.
Proof. Since H is T -flat, the sequence (A.2.1) remains exact after restriction to the fiber P t for each t ∈ T , and so the restricted sequence induces a long exact sequence of cohomology. Hence, (A.2.2) yields R i f t * (H t ) = 0 for all i ≥ 1.
By hypothesis, F , G, H are T -flat. Hence, by the generalized property of exchange, Lemma A.1, the sheaves f * F , f * G, f * H are T -flat, and forming them commutes with extending T . By the same token, R 1 f * (F ) = 0; whence, Sequence (A.2.3) is exact. The assertion follows. 
is purely inseparable. Others are independent of p; they have several vertices, but only one root, yet they have an ordering θ for which Ψ is an embedding. In fact, in every case, θ is unique, and Aut(D) is trivial.
We take F to be the affine plane just to simplify the presentation. With little modification, everything works for any smooth irreducible surface F .
It is unknown what conditions on an arbitrary Enriques diagram D serve to guarantee here that Ψ is unramified, so an embedding. Nevertheless, in view of the analysis in this appendix, it is reasonable to make the following guess. V ∈D m V . In general, if a branch has tangency of order divisible by p to an exceptional divisor E, then the multiplicity of the root must be at least p and there must be at least p other vertices. So p ≤ V ∈D m V . Thus, if we guess that Ψ can be ramified in only these two ways, then we arrive at Guess B.1.
Further, although Ψ does not sense first-order deformations either along E or along D, nevertheless after we add a transverse branch at P , then Ψ does sense firstorder deformations of the new branch; thus Ψ becomes unramified. This intuition is developed into a rigorous proof for the ordinary tacnode in Proposition B. Proof. Say t represents the sequence (t 0 , . . . , t p ) of arbitrarily near K-points of F/Y . Choose coordinates x 1 , x 2 on F such that t 0 : x 1 = x 2 = 0 and such that t 1 is the point of intersection of the exceptional divisor E 0 with the proper transform of the x 1 -axis. Set s 0 := x 2 /x 1 , set s 1 := x 1 /s 0 , and set s k := s k−1 /s 0 for 2 ≤ k ≤ p − 1. Then t 1 : s 0 = x 1 = 0, and t k : s 0 = s k−1 = 0 for 2 ≤ k ≤ p.
Set z := Υ θ (t) ∈ Hilb 
K to order at least m, and along e (k+1, p+1) K E (k+1) K to order at least k(m + 1) for k ≥ 1, since r − kδ(r) ≥ 0. Thus f r ∈ I for each r.
Let J be the ideal generated by the f r . Then J ⊂ I. Now, K[x 1 , x 2 ]/J is spanned as a K-vector space by the monomials x for 1 ≤ k ≤ p − 1. Therefore, the pullback of f ′
